A note on the theorems of Jentzsch-Perron and Frobenius  by Grobler, J.J.
MATHEMATICS Proceedings A 90 (4), December 18, 1987 
A note on the theorems of Jentzsch-Perron and Frobenius” 
by J.J. Grobler 
Department of Mathematics, Potchefstroom University for CHE, Potchefstroom 2520, 
South Africa 
Communicated by Prof. A.C. Zaanen at the meeting of March 30, 1987 
ABSTRACT 
In this note we prove extensions of the theorems mentioned in the title. In the existing versions 
of these theorems it is assumed that the Banach lattice is Dedekind complete and that the operator 
which occurs is an (abstract) kernel operator. We show that the theorems hold in arbitrary Banach 
lattices for operators which are only assumed to be a-order continuous. Only for some details the 
Banach lattice is assumed to be Dedekind u-complete. 
1. INTRODUCTION 
B. de Pagter [3] recently (1986) showed that a positive, compact and ideal 
irreducible operator Ton a Banach lattice of dimension greater than one has 
spectral radius r(T)>O. Using this result we proved that the same result holds 
when T is positive, compact, a-order continuous and band irreducible (see [6] 
and also [9]). One would expect therefore that the theorems mentioned in the 
title will also hold in a more general setting than known hitherto. It is the 
purpose of this note to explore this possibility and also to show that these 
results can be derived in an elementary and intrinsic way, i.e., free of any 
representation. The author expresses his sincere thanks to A.C. Zaanen with 
whom he had many helpful discussions concerning the material of this paper. 
2. PRELIMINARIES 
All Riesz spaces in this paper will be assumed Archimedean without further 
mention. For any notion not explained in the text, we refer the reader to the 
* Financial support from the FRD is gratefully acknowledged 
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standard texts [8] and [lo] on the subject. If ur0 is an element of the Riesz 
space E we denote by E, the principal ideal generated in E by u. The element 
u > 0 (i.e., u 2 0 and u # 0) is called a (strong) order unit for E if E, = E and a 
weak order unit for E if the band generated by u in E is equal to E. If E is a 
Banach lattice u is called a quasi-interior point in E if the closure of E,, in E 
is equal to E. The gauge-function of the interval [ - u, u] is a norm on the space 
E,,. The Riesz space E is called uniformly complete if the normed space E,, 
is complete for every u E: E, . Every Banach lattice is therefore uniformly 
complete. Every uniformly complete real Riesz space E has the property that 
an absolute value can be introduced in the complexification E + iE of the vector 
space E by means of the formula 
IzI = Ix+@ =sup ( x cos B+y sin 8:056J127r}. 
The existence of the supremum on the right hand side is shown in [2] using 
elementary means (see also [lo], exercise 91.12). It follows that every Banach 
lattice E has a complexification with this property. The linear subspace A of 
E + iE is called an ideal in E if x E A and 1 y 1 I Ix I implies y E A. Every ideal A 
in E+ iE is of the form A,+ iA, with A, an ideal in E. The ideal A in E+ iE 
is called a band if A, is a band in E. 
We also need some concepts from the theory of f-algebras, for details of 
which we refer to [lo], chapter 20. The (real) Riesz space E is called a Riesz 
algebra (definition 140.8 in [lo]) if there exists in E an associative multiplication 
with the usual algebra properties and such that uu?O holds for all 01 u, u E E. 
The Riesz algebra E is called an f-algebra if it has the property that u A u = 0 
in E implies UWAU =0= WUA o for all 01 w E E. The multiplication in an 
f-algebra E is commutative and satisfies lxyl = 1x1 ]y] for all x, YE E. If E is a 
uniformly complete f-algebra, the multiplication in E extends to E + iE: for 
u = a + ib and u = c + id, we define MU = (ac - bd) + i(ad + bc). Then E + iE is 
again an&algebra, i.e., if x, y, zEE+iE with Ixl~/y/ =0, then also Ivcl~lyI = 
= 0 = \XZ[A[ yl. In [2] there is an elementary proof of the fact that for x= a + ib 
in the f-algebra E + iE one also has Ix] = (a2 + b2)“2, and it easily follows then 
that Ixy I= Ix] I yI holds also in the complex case. If e E E is a multiplicative unit 
in E, then also in E + iE. 
A linear operator on a (real) Riesz space E is called order bounded if it maps 
order intervals into order intervals. An order bounded linear operator U is 
called an orthomorphism if it follows from IxlAlyl=O that lUxll\lyl =O. We 
denote the set of orthomorphisms on E by Orth(E). If E is a Banach lattice, 
the linear operator U is an orthomorphism if and only if U belongs to the centre 
Z(E) of E, i.e., there exists Orllc IR such that IUxlsAlxl for all xeE ([lo], 
Corollary 144.3). The set Orth(E) has the structure of a vector lattice with 
(UVV)u=(Uu)V(vu) and (UAV)u=(Uu)A(vu) for all ueE+ and all 
U, I/E Orth(E) (see [lo], chapter 20). If E is uniformly complete, then so is the 
space Orth(E) ([lo], exercise 140.12). Hence, if E is uniformly complete, the 
modulus of an element of Orth(E)+iOrth(E) exists. Furthermore, it is not 
difficult to prove that an order bounded linear operator U on E+ iE belongs 
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to Orth(E)+iOrth(E) if and only if IU.l/\)w)=O whenever [z/~/w/=0 for 
z, wEE+iE. 
If E is an f-algebra and we define for u E E the operator U on E by Ux = ux 
for all xeE, then it is clear that iJ~Orth(E). Conversely, if E has a multi- 
plicative unit, then there exists for every UE Orth(E) an element u E E such that 
UX=UX holds for all xeE ([lo], theorem 141.1). Also, it easily follows from 
the above remarks that if E is uniformly complete and has a multiplicative unit, 
then every orthomorphism in E + iE is of the form Ux = ux for some u E E + iE. 
This correspondence is a Riesz isomorphism. 
Let E be a (real or complex) Banach lattice. We denote the space of bounded 
(i.e., continuous) linear operators on E by L(E). In the sequel operator will 
mean linear operator. We shall write SI T (equivalent, Tr S) in L(E) whenever 
Su 5 Tu for all 0 I u E E. An operator TEL(E) is called positive if TL 0. If T? 0 
is not the zero operator we write T> 0. The positive operator T is called o-order 
continuous if it follows from u,lO that Tu,JO, and it is called order con- 
tinuous if Tu,lO for every downwards directed system u,lO. The set of all 
continuous linear functionals on E is denoted by E *. E * is again a Banach 
lattice and we call an element f E E * a-order continuous whenever both f + and 
f - are positive a-order continuous linear functionals. The set of all o-order 
continuous functionals is denoted by Ez. If TEL(E), then the adjoint 
operator in L(E*) is denoted by T *. By r(T) we denote the spectral radius of 
TEL(E), i.e. r(T) = sup {(AI: I E o(T)} with o(T) the spectrum of T. The linear 
subspace A is called T-invariant if T(A)CA. The positive operator T is called 
band irreducible if E contains no non-trivial T-invariant bands and T is called 
ideal irreducible if E contains no T-invariant closed ideals. 
Let E be a uniformly complete Riesz space with (strong) order unit e. It is 
well known that E is isomorphic to the space C(X) of all real continuous 
functions on a compact Hausdorff space X. This implies that E is an f-algebra 
with e as multiplicative unit. A proof of this last fact without using repre- 
sentation theory appears in the thesis of B. de Pagter for the first time. We refer 
the reader to [5] for such an intrinsic proof (following proposition 4.1 in [5]). 
In [6] we have proved the following theorem. 
1. THEOREM. Let E be a Banach lattice and let 0~ T be a o-order con- 
tinuous band irreducible operator on E. Suppose that S and Q are operators 
satisfying 0 < S 5 Q with Q compact and suppose that SI T” for some n E N. 
Then we have r(T) > 0. 
In particular, since a o-order continuous band irreducible operator cannot be 
nilpotent, it follows that if T>O is a a-order continuous band irreducible 
operator on E such that T” is compact, then r(T)>O. 
In the proof of this theorem we used the analogous result of B. de Pagter 
referred to in the introduction. The proof he gave is, except for one lemma, 
completely free from representation methods. It was remarked by A.C. Zaanen 
that this lemma can also be given an elementary proof. The details follow. 
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2. LEMMA. (de Paster [3]) Let E be a (real) Banach lattice with quasi- 
interior point. If 0 I u I 1 f 1 in E, then there exists a sequence (q,) of ortho- 
morphisms in E such that rc,f+u in norm as n-+oo. Moreover, ITI,,\ II for all 
n, where I is the identity operator. 
PROOF. We may assume that w is a quasi-interior point in E such that 
01 u 5 ) f 1~ w. The principal ideal E,,, is a uniformly complete Riesz space 
having w as a strong order unit, and therefore an f-algebra with multiplicative 
unit w. Letp,EE,bedefinedforn=1,2,... byp,: =uf(lfl+n-1w)-2. Note 
that the inverse of Ifl+n-‘w exists in the algebra since Ifj+n-‘win-‘w 
([lo], theorem 146.3). Moreover, since luf / = JuI If) I) f 12s(1 f I +n-‘w)2, we 
have~p,~~wforalln.Also,itfollowsfromf2~(~f~+n~1w)2thatp,f~ufor 
all n. Hence, 
52n-‘(If / +n-‘w)2(lf I +n-‘w)-2=2n-‘w. 
Therefore, u -p,f+O uniformly in E,. We now define the orthomorphism zc,, 
in E, by z,x=p,x for all XEE,. By our introductory remarks, the ortho- 
morphism )rr,J then pertains to the element Ipnl. From the fact that lp,J I w it 
follows that /rr,l II on E,. The ideal E, is norm dense in E and we can 
therefore extend rr,, to E such that the extended rr, is still an orthomorphism. 
It is also clear that rr, f-u in norm. 0 
3.MAIN RESULTS 
Let TEL(E), and define the number K(T) by K(T) : = inf { II T- C 1) : C E L(E) 
is compact}. The operator T is called a Riesz operator (asymptotically quasi- 
compact operator) if [K( T”)] “n+O as n+o3 ([4], definition 3.2). It is clear that 
T is a Riesz operator if Tk is compact for some ke IF\]. For further properties 
of Riesz operators we refer to [4]. In particular we shall use the fact that every 
non-zero point in the spectrum o(T) of a Riesz operator T is isolated and a pole 
of the resolvent R(A, T) = (IZ- T) -’ and for each A E a(T) the spectral pro- 
jection E(L) is an operator of finite rank ([4], theorem 3.14). It follows that if 
&, E a(T) and if 
R(A, T)=(l-I,)-PB,+(~--~)-P+lBp-,+ ... +(A-&,-%,+ 
+ c Al(~ - w 
is the Laurent series expansion of R(L, T), then each operator Bi (i = 1,2, . ..) is 
of finite rank, since B,, + 1 =(T-&Z)“E(IZ). ([4], p. 30). For every A Ed the 
order of the pole of R(1, T) in A is the smallest positive integer v(A) with the 
property that 
M(nZ- T)m] =N[(U-- T)m+l] and (AI- T)m+lE=(AZ- T)mE 
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for all mrv(l) (N(S) denotes the null space of the operator SE,!@)). The 
number v(A) is called the index of A for T. The dimension of the space E(A)E= 
=N[(Al- T)“U)] is called the algebraic multiplicity of A for T and is denoted 
by d(A). One always has llv(A)ld(l) for Lea(T) (see [4], theorem 3.14). 
3. THEOREM. (Krein-Rutman). Let E be a Banach lattice and 01 TEL(E) a 
Riesz operator with spectral radius r(T)> 0. Then there exists a non-zero 
positive u E E such that Tu = r( T)u. 
PROOF. We may assume r(T) = 1. It is well known that 1 E a(T) ([lo], lemma 
135.1) and hence 1 is a pole of R(A, T). If p is the order of the pole, then (from 
the Laurent series) one has BP = lim,, , (A - l)PR(A, T) 20. Furthermore, the 
operator R(A, T) is positive for A > 1, and hence B,>O. Let x>O be such that 
u = B,x> 0. Then 
Tu = lim (A - l)“TR(A, T)x= lim (A - l)P(AR(A, T)x-x) =u. 0 
All A11 
4. LEMMA. Let E be a Banach lattice and let (S,,) be a sequence of o-order 
continuous positive operators on E. If S,TS, i.e., if for every x20 we have 
&xTSx, then S is a-order continuous. If S,,+S in operator norm and if E,* 
separates the points of E then also S is a-order continuous. 
PROOF. Suppose that U, 10 and let 0101 Su, for all m. Then 01 UI 
5 (S - SJu, + &urn holds for all m and n. 
Let S, t S. By taking the infimum over m, it follows that 0 I u 5 (S - S,,)ur 
for every fixed n EN. Hence, since S - S,, IO, we have u = 0 and so S is a-order 
continuous in this case. 
If S,,-S in norm and if f is a fixed positive a-order continuous linear 
functional in E, we find that, for every fixed n, 
Offs KS*- mfl%i?+f(wm)~ KS”-S,*)f 1% +f(S,u,). 
Taking the infimum over m for fixed n we obtain Oz~f(v) I I(S* - S,*)f Iul for 
all nEN. Since I(S*-S~)fIu,~IIS*-S~ll llfll IIulI(-+O we get f(u)=O. This 
holds for every f E EC so that our assumption that Ez separates the points of 
E yields the required result. 0 
5. THEOREM. Let E be a Banach lattice and let 0~ T be a u-order con- 
tinuous band irreducible Riesz operator on E with r(T) > 0. If Ez separates the 
points of E or else if we assume that Tk is compact for some kE N, then 
there exists a strictly positive a-order continuous linear functional v, satisfying 
T*y,=rq. 
PROOF. We may assume that r(T) = 1. Then, since T * is also a Riesz operator 
by [4, lemma 3.71, it follows as in theorem 3 that there exists an element x*>O 
in E * such that VI = limAI, (A - l)PR(A, T *)x*> 0 and T *p = p. We prove that 
cp is a-order continuous in both cases mentioned in the theorem. For Tk 
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compact, it follows from T*9 = 9 that (Tk)*9 = 9. Let u, 10. Then 9(u,) = 
= (Tk)*9(u,) = 9(T%,). Now the compactness of Tk implies that (T%,) has a 
norm convergent subsequence. But being monotone, the sequence itself is norm 
convergent and the o-order continuity of T (and hence of Tk) implies then that 
T%,-+O in norm. Therefore, 9(u,)--+O. To prove that 9 is a-order continuous 
in the other case, observe that it follows from the first part of lemma 4 that 
R(A, T) is a-order continuous for all I > 1 and from the second part of lemma 
4 that B,=lim,,, (A - l)PR(L, T) is also a-order continuous. Moreover, since 
T is a Riesz operator, BP is of finite rank (and hence compact) and we also 
have 9 =B,J%* (according to the above definition of 9). Let u,lO. Then 
9(u,) =x*(B,u,) and exactly as in the preceding part of the proof it follows 
that 9(u,)+O. To see that 9 is strictly positive, let u>O be given. Then 
9(u) = 9(T%) for all k and so we have for fixed I > 1 that 9(&I, T)u) = 
= C A -k- ‘9( Tku) = (A - 1) - ‘9(u). Thus, 9(u) = (A - 1)9(R(A, T)u). But the fact 
that TR(Iz, T)u I AR@, T)u for A > 1 implies that T (since T is o-order con- 
tinuous) maps the band generated by R(A, T)u into itself. Our assumption that 
T is band irreducible therefore shows that the element R(A, T)u is a weak order 
unit for E. Hence 9(R(5 T)u)>O follows from the fact that 9 is non-zero and 
o-order continuous. Our final result is therefore that 9(u)>O. 0 
REMARK. Theorem 5 shows that the existence of a o-order continuous band 
irreducible operator T such that Tk is compact already implies that E$ sepa- 
rates the points of E, because the a-order continuous linear functional 9 in 
theorem 5 is strictly positive. 
We are now in the position to prove our first main result. 
6. THEOREM. (generalized (Jentzsch-Perron theorem). Let E be a Banach 
lattice and let T> 0 be a o-order continuous band irreducible operator such that 
Tk is compact for some k E N. Then r(T) > 0 and r(T) is an eigenvalue of T of 
algebraic multiplicity one. Furthermore, the eigenspace contains a weak order 
unit u>O. 
PROOF. The fact that r(T)>0 under the present assumptions was already 
mentioned as a consequence of theorem 1. From theorem 3 we conclude that 
Tu = ru (r = r(T)) for some u > 0. Clearly the band generated by u is T-invariant 
and so u is a weak order unit in E. If x is an eigenelement pertaining to r, then 
rlxl=ITx\<TI 1 d x an so if 9~ Ez is the strictly positive linear functional 
satisfying T*9=r9 (which exists by theorem 5) we get 0~9(T~x~--r~x~)= 
= T*9(lxI)-rrcp(lxl)=O. Hence Tlxl =rIxI and as above, 1x1 is a weak order 
unit in E. This shows that the eigenspace of T belonging to r is a Riesz subspace 
in which every positive element is a weak order unit in E. Hence, for every 
real f in the eigenspace either f + =0 or f - = 0, i.e. either f r0 or f d 0. The 
real part of the eigenspace is therefore a linearly ordered Riesz space and 
consequently one dimensional. Furthermore, if feN[(rZ- T)““] then 
g= (rl- T)“f~N[rl- T] and so g=pu for some p E C. Moreover, 9(g) = 
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= [(rl- T*)‘@](f) =0 and it follows that g= 0 since &u)>O. Hence, 
f~N[(rl- T)“]. This holds for n= 1,2, . . . and it follows that the index of r 
for T is one. This fact together with the fact that the eigenspace is one 
dimensional yields the required result. 0 
7. LEMMA. Let E be a complex Banach lattice with weak order unit w and 
let Ue Orth(E,) + iOrth(E,). If either E is Dedekind o-complete or if w is a 
quasi-interior point in E, U can be extended uniquely to an orthomorphism 
on E. 
PROOF. Since U can be decomposed in a unique way as a linear combination 
of four positive orthomorphisms on E,, we may assume that U is positive. If 
DEE, then o=sup u, with o,,=uA~~EE,. The fact that UEZ(E,) implies 
that there exists a number A. > 0 such that UU,I&, I Au for all n. Since E is 
Dedekind a-complete sup Uu, exists and we define Uu : = sup Uu,. The 
operator U then satisfies UUSLU for all positive u in E and belongs therefore 
to Z(E). The extended U is consequently an orthomorphism on E (this can 
also be shown directly from the definition of an orthomorphism). Since two 
orthomorphisms which coincide on an order dense ideal are equal ([lo], 
corollary 140.6), U is the unique extension to E of UeZ(E,). If w is a quasi- 
interior point of E every x E E, is the norm limit of a sequence of positive 
elements in E, and a similar argument as above shows that the extension of U 
to E by continuity is again an orthomorphism on E. 0 
The following result is the key to a general Frobenius theorem (See also [lo], 
138.1, and [B], V.5.1). 
8. THEOREM. Let E be a Banach lattice separated by E: and let T>O be a 
a-order continuous and band irreducible Riesz operator on E with r(T) = 1. If 
A, ]A1 = 1, is an eigenvalue of T and if u is an eigenvector pertaining to A, 
then there exists an injective orthomorphism U of El,,, onto E,,, satisfying 
AT= U - ’ TU. If either E is Dedekind u-complete or if IuI is a quasi-interior 
point of E, U can be extended to E as an injective orthomorphism and 
AT= U-‘TU holds on E. 
PROOF. Exactly as in the proof of theorem 6 we see that ]u] is an eigenvector 
of T pertaining to 1 and that it is a weak order unit in E. The ideal Elul is a 
T-invariant and uniformly complete complex Riesz space with order unit Iu]. 
Following from our remarks earlier Eiul is a complex f-algebra with multipli- 
cative unit 1~1. Define U by Ux= ux for all XE E,,,. Then U~Orth(El~l) and for 
every XEE,~, we have IUxl=luxl=lulIxl=Ixl. If u=a+ib, consider the 
element u - = a - ib E Elui. The corresponding orthomorphism U - defined by 
U-z=u-z for all z,EE,~I satisfies U-&z= U-(uz)=u-(uz)= lu12z= IuI.z=z 
and similarly UU -.z = z. This shows that U is injective and U- ’ = U -. In the 
case that E is either Dedekind a-complete or Iul is quasi-interior, it follows from 
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lemma 7 that we can extend both U and U- to orthomorphisms on E and it 
is easily seen that UU- =I= U- U holds on E. The orthomorphism U is 
therefore injective on E. Our proof will be complete if we can show that 
AT= U’TU holds on Elul. Let I/=A-‘U’TU. We have to show that V= T. 
For this purpose we note first that although Elul is not Dedekind complete, it 
is true for every UL 0 in Elul that sup (1 Vf\ : IfI 5 U} exists and is equal to Tu. 
To see this, let 020 be given in Elul. If f runs through all elements satisfying 
Ifl~u then Uf d oes the same. Indeed, I Ufj = lufl = IfI I u and conversely, if 
Iglsu then g=Uf for f=U ‘g and 1 f I = IU-‘gl = Iu-gl= IuI lgl = lg/ I u. 
Therefore, 
sup {jU-‘TUfI:IflIu)=sup {IU-‘Tgl:Igl5u}= 
=sup (ITgl:Igl~u}=Tu. 
It follows that Tuz /Vu1 for all positive u in Elul. Furthermore, Vlu/ = 
=L-‘U-1TU~u~=~-1U-‘Tu=I-1AU-1u=u-u=(a2+b2)=~u~2. But 1u12= 
=IuI, hence Vlul=J I d u an so if we write V= Vr + iv2 (I’i and V2 real oper- 
ators), we have Vrlul = 1~1. F or every u 2 0, since I’, u is the real part of Vu for 
positive u, we have Vru I I Vul. Hence, Vr u I I Vu1 5 To and so the operator 
T- Vi is positive and satisfies (T- I’,)lul = Iul - luI= 0. This implies T= V, on 
Elul. Hence, V,u = Tu? I Vu1 for every u r0 in Elul. Thus V, u = I k’u/ol for all 
positive u and it is easily seen (see [lo], excercise 138.3) that this implies that 
the imaginary part V2u = 0. This holds for all positive u, so V2 = 0. Therefore 
V= V, = Ton Eiul. 0 
9. THEOREM. (generalized Frobenius theorem). Let E be a Banach lattice 
and 0~ T a o-order continuous and band irreducible operator on E such that 
Tk is compact for some k E N. Let A ,, . . ..A. be the different eigenvalues of T 
satisfying IAjl =r(T) forj= 1,2, . . . . m. Then every Aj is a root of the equation 
A”’ - rm = 0. Furthermore all these eigenvalues are of algebraic multiplicity 
one. Zf either E is Dedekind o-complete or if Tsatisfies the additional condition 
that O< TI S for some compact and o-order continuous S, then the spectrum 
o(T) of T is invariant under a rotation of the complex plane by the angle 2x/m, 
multiplicities included. 
REMARK. The condition Oc TIS, S compact, implies that T3 is compact by 
a well-known result of Aliprantis and Burkinshaw [I]. 
PROOF. We may assume without loss of generality that r(T) = 1. Let a and /3 
be eigenvalues with [al = IpI = 1 and let u and u be eigenvectors pertaining to 
cy and p respectively. As in the proof of theorem 6 it can be shown that IuI and 
IuI are eigenvectors of T pertaining to the eigenvalue 1 and we may therefore 
assume by Jentzsch’s theorem that IuI = IuI. By the preceding theorem there 
exist orthomorphisms U and V on the ideal Elul = Eivl satisfying aT= U’TU 
and/3T= V-‘TV. Hence, T=aB-‘(VU-I)-‘T(VU-‘) and so if w is any non- 
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zero eigenvector of T pertaining to 1, UV’w is an eigenvector pertaining to 
ap-‘. It follows that UP-’ is an eigenvalue of T. Therefore the set of eigen- 
values Iz r, . . . , I, is a multiplicative group. Since the group consists of m 
elements, each Aj satisfies AJp - 1 = 0. We may assume that ~j = exp (27cij/m) 
(j= 1,2, . ..) m). From the operator equality 
T-aB-‘Z=&‘(VU-‘)-‘(T-Z)(VU-‘) 
which holds on Elul we also conclude that the dimension of the null space of 
T- aB- ‘I contained in Elui is equal to the dimension of the null space of T-Z, 
which is one. However, every element of the null space of T-aB-‘Z is con- 
tained in Z&. ( In fact, as was shown in the first line of our proof, if w is any 
eigenvector pertaining to an eigenvalue of modulus one then /WI EZQ. We 
conclude that the dimension of each null space T- kj I is one. The inequality 
I(A-Aj)mR(A, T)x[ I IA-Aj~lmR(IAI, T)]x~ 
which holds for every 111> 1 also shows that the order of the pole ~j of R(& T) 
is less than or equal to the order of the pole 1 of R(1, T). Hence each ~j is a 
pole of order one of the resolvent. The algebraic multiplicity of each Aj is 
therefore one. 
Let E be Dedekind a-complete and write a = exp (2ni/m) = Ai. As proved in 
theorem 8 there exists an orthomorphism U on E such that aT= U’TU. 
Hence, (T-alZ)k=akU(T-IZI)kU-l for all HEN and all A. It follows that 
Iz E o(T) if and only if aA E o(T) and aA has the same multiplicities (algebraic 
and geometric) as A. 
Finally, let 0~ TI S with S compact and a-order continuous. Let F denote 
the closed ideal generated in E by nE]. For A E o(T), A #O, the binomial 
expansion of (T-AI)k, k~ n\l, shows that the null space of (T-lI)k is con- 
tained in TJE] CF. Therefore, in our study of o(T) we may restrict T to F. 
From [6], lemma 3 it follows that T restricted to F is ideal irreducible, and so 
if u is an eigenvector pertaining to a= exp (2+/m) the equality TJul = IuI shows 
that 1~1 is a quasi-interior point in F. On F the operator T now satisfies all the 
conditions of theorem 8 (since an ideal irreducible operator is band irreducible). 
Therefore, there exists an orthomorphism U on F such that aT= U’TU. As 
in the case considered above this implies that for any J. E o(T), al is again in 
o(T) and aA has the same multiplicities as A. This completes our proof. 0 
10. COROLLARY. Let E be a Banach lattice and T>O a o-order continuous 
band irreducible operator on E such that Tk is compact for some k E N. If T 
has the additional property that TV is a weak order unit in E for every 0 < v E E, 
then the only eigenvalue A of T satisfying IAl = r(T) is the number r(T) itself. 
PROOF. In view of theorem 6 we have r(T) > 0. Assume that Iz E o(T) with 
A #r(T) and IAl =r(T), and let u be an eigenvector pertaining to A. As in 
theorem 6 it follows that IuI is an eigenvector pertaining to r= r(T) and since 
A #r the vectors u and IuI are linearly independent. By the generalized Frobe- 
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nius theorem there exists a natural number m such that A” = T”‘. The operator 
T”’ now satisfies all the conditions of the generalized Jentzsch-Perron theorem 
and r(T”) = r”‘. The eigenspace pertaining to ?’ has therefore dimension one, 
contradicting the fact that both u and 1~1 belongs to this eigenspace. Hence, any 
eigenvalue A. satisfying [A/ = r(T) must be equal to r(T). 0 
Let E = C” and let 0 < T be irreducible. If there exists more than one eigen- 
value of Ton the spectral circle IAl = r(T), an application of the fact that the 
spectrum of T is rotation invariant (multiplicities included) yields the result that 
the sum of all the eigenvalues of T (counted according to multiplicities) is zero. 
This sum is the same as the trace of the matrix representing T and since the 
entries of this matrix are non-negative numbers, the matrix has only zeros on 
its principal diagonal. Therefore, if an irreducible matrix T has a non-zero entry 
on its principal diagonal, then r(T) is the only eigenvalue on the spectral circle. 
To generalize the observation above, we recall that a linear functional T on an 
operator ideal is called a trace if it satisfies the additional assumptions that 
r(P) = 1 for all one dimensional projections P and that r(TL) = r(LT) for all 
continuous operators L and elements Tin the operator ideal. (See [7] for details 
in this respect). 
11. THEOREM. Let E be a Dedekind o-complete Banach lattice separated by 
Et, and let T> 0 be a o-order continuous and band irreducible Riesz operator 
on E with r(T)>O. Suppose that T belongs to some operator ideal with a trace 
‘5 and that T(T) f 0. Then r(T) is the only eigenvalue on the spectral circle. 
PROOF. Let A be an eigenvalue with IAl = r(T) and assume r(T) = 1. By 
theorem 7 there exists an injective orthomorphism U on E satisfying AT= 
=U-‘TU. But then we get A~(T)=@T)=T(U-‘TU)=T(UU-‘T)=r(T). 
Hence A= 1. 0 
REMARK. For positive ideal irreducible operators on a Banach lattice E 
results similar to those proved in this paper can be deduced from the result of 
B. de Pagter (mentioned in the introduction) combined with the results of H.H. 
Schaefer to be found in [8], sections V.4 and VS. In the following theorem we 
summarize the results which we can be prove in an intrinsic way for ideal 
irreducible operators. The proof follows exactly the same lines as the corre- 
sponding proof for a-order continuous band irreducible operators. 
12. THEOREM. Let E be a Banach lattice and let 0 < T be an ideal irreducible 
operator on E such that Tk is compact for some kE N. Then the following 
hold. 
(1) r(T) > 0 and r(T) is an eigenvalue of T of algebraic multiplicity one. The 
eigenspace of r(T) contains a quasi-interior point u > 0 (Jentzsch). 
(2) If 4, . . . . A,,, are the different eigenvalues of Tsatisfying Ihj\ =r(T) for 
j=l , . . . , m, then every lzi is a root of the equation Am - rm = 0. All these eigen- 
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values have algebraic multiplicity one and the spectrum of T is invariant under 
a rotation of the complex plane by the angle 2n/m, multiplicities included 
(Frobenius). 
(3) If T has the additional property that for every v E E,, v f 0, the image 
TV is a quasi-interior point of E, then r(T) is the only eigenvalue A satisfying 
111 =r(Th 
(4) If T belongs to an operator ideal with a trace 5 and if r( T) f 0, then r(T) 
is the only eigenvalue A satisfying IA I= r(T). 
REMARK. If C[a, b] denotes the Banach lattice of continuous complex valued 
functions defined on the interval [a, b] c R and if Or T(s, t) is a continuous 
function on [a, b] x [a, b] which is zero only on the square [a, c] x [a, c], a < CC b, 
then it is easily seen that the operator T defined by Tf(s) = Si T(s, t)f(t)dt is a 
compact and ideal irreducible operator on C[a, b]. The operator T is not 
a-order continuous, since C[a, b],* = { 0} (see our remark following theorem 5). 
Hence, theorem 12 applies to T whilst none of the preceding theorems does. 
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